We developed and tested a simple hybrid model for a glow discharge, which incorporates nonlocal ionization by fast electrons into the "simple" and "extended" fluid frameworks. Calculations have been performed for an argon gas. Comparison with the experimental data as well as with the hybrid (particle) and fluid modelling results demonstated good applicability of the proposed model.
We developed and tested a simple hybrid model for a glow discharge, which incorporates nonlocal ionization by fast electrons into the "simple" and "extended" fluid frameworks. Calculations have been performed for an argon gas. Comparison with the experimental data as well as with the hybrid (particle) and fluid modelling results demonstated good applicability of the proposed model. Glow discharge plasmas are important due to their industrial applications (see, e.g., Refs. 1 and 2). To make progress in these applications, a clear understanding of plasma processes is required. One of the ways to gain this understanding is numerical modelling of the discharge plasma phenomena.
Different approaches that are used for the glow discharge modelling can by classified as fluid models, kinetic (particle) models, and their combinations known as hybrid models. All the discharge models have their advantages and disadvantages. Fluid models are developed from the velocity moments of the kinetic Boltzmann equation under assumption that the energy distribution functions (EDFs) of the plasma species are Maxwellian. These models include continuity, momentum, and local energy balance equations for the plasma species, coupled to the Poisson equation for the self-consistent electric field. 1, 3 Advantages of the fluid models are their relative simplicity and computational efficiency. However, these models are very approximate, mainly due to the local field approximation (LFA), in which ionization is assumed to be dependent on the local value of the electric field. In this case, ionization (and glow) concentrates in the cathode sheath, where the field is high. The boundary between the cathode sheath and the plasma coincides with the boundary between the negative glow and positive column, and therefore the Faraday dark space (FDS) in such models is absent. The fact that the cathode sheath inevitably transforms into a positive column is in obvious contradiction with observations, which reveal that ionization in the cathode region is nonlocal (that is, it cannot be described as a function of a local field strength E(x) at a given point of space). Indeed, the electrons emitted from the cathode and also those generated in the cathode sheath and accelerated by the high field in it are responsible for the nonlocal ionization in an adjacent plasma region, where the field is low. Therefore, the negative glow consists of two parts: one occupies part of the cathode sheath, while the other is located in the plasma (plasma negative glow, PNG). 4 The ions generated in the PNG and directed towards the cathode also contribute to the electron emission from it, and consequently play an essential role in sustaining the discharge. This role is especially significant in the case of an abnormal glow discharge, where the cathode sheath thickness is small and ionization in it is weak, so that the overwhelming majority of the ions bombarding the cathode originate precisely in the PNG. Therefore, the pattern of the glow discharge is very complicated; specifically, all near-cathode areas of the discharge (including the cathode sheath and negative glow) are autonomous rather than the cathode sheath alone, as it is supposed in the local models. 4 Nonlocal ionization is approximately taken into account in the "extended fluid models" (or "mean electron energy models"), in which the electrons are described in terms of the fluid dynamics but their transport and kinetic coefficients are calculated as functions of the electron temperature T e ðxÞ rather than of the local electric field E(x), through the solution of the local Boltzmann equation (see, e.g., Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . More precisely, the electron energy distribution function (EEDF) is obtained from the local Boltzmann equation, which takes into account heating of electrons in the longitudinal electric field and changes in the electron kinetic energy due to the elastic, inelastic, and electron-electron collisions. Since electron temperature T e (defined as two-thirds of the ensemble averaged energy) is eventually obtained as a monotonically increasing function of the electric field E, this allows a change of variables from E to T e : the rate constants of electron-induced processes and transport coefficients are considered as functions of T e ðxÞ rather than the electric field E(x). These data are subsequently used in solving the balance equations in the "extended fluid model."
The profile T e ðxÞ in the "extended fluid model" is found by solving the equation of thermal balance for electrons that takes into account not only the volume processes but also the spatial transfer due to the heat conduction (see, e.g., Refs. 5 and 9). Therefore, a shift in the spatial coordinate arises between the field and the electron concentration and temperature, such that the profile T e and hence the profile of the impact ionization rate diffuses by a length k T of the electron thermal relaxation, concentration and high field followed by a low-field plasma region, where T e is still high enough (due to a nonlocal heat transfer from the cathode layer) to maintain a noticeable nonlocal ionization. The reverse field here arises in a natural way in order to suppress the diffusion of electrons toward the anode. This plasma region is viewed as a plasma part of the negative glow (PNG) and FDS. As a result of nonlocal dependence of the discharge parameters on the electric field, maximum density of charged particles shifts to the plasma region with low electric field.
Despite a formal qualitative agreement with the experimental data, these seemingly plausible results cannot be considered as adequately describing processes in the nearcathode region on a quantitative basis. In particular, since the ionization required to maintain the discharge is determined in this case by plasma electrons only, their temperature T e is strongly overestimated compared with the actual temperature. (Because these electrons have to sustain the ionization degree, which actually is also produced by the fast electrons gained their energy in the cathode layer.) In such an approach, the electron ensemble is considered as a whole and is characterized by the averaged parameters, namely, the averaged concentration n e , averaged energy (temperature T e ), and averaged directional drift velocity. However, in reality, the EEDF in the near-cathode region is nonlocal, such that the different electron groups (especially the fast electrons emerged from the cathode layer) behave differently and separate from each others. Accordingly, they cannot be described by averaged parameters and kinetic analysis is needed (for details, see Refs. 4, 15, and 16) .
Exact description of the electron behavior can be obtained by solving the kinetic Boltzmann equation. [17] [18] [19] [20] However, this approach is mathematically very complicated, especially if more than one dimension needs to be simulated. Method known as particle in cell/Monte Carlo collisions (PIC/MCC) 21, 22 which couples MC simulations for the behavior of electrons and ions to the Poisson equation for the self-consistent electric field, is also time consuming, and has not come into wide use in the glow discharge plasma modelling. It is also important that the accuracy of very detailed, "direct-method" computations is often limited by the low reliability of cross-section data for plasma processes (especially for their angular dependence of the scattering). As a complete solution of the self-consistent problem requires that the "equally accurate" elements be used, the reliability of a model is controlled by a bottleneck, which is the least accurately known element. Therefore, even if methods applied to some parts of the numerical code are the most advanced and reliable, but other elements are poorly or insufficiently known, the accuracy of results cannot be improved.
A compromise between computationally effective but very approximate fluid models and accurate but time consuming particle and kinetic models is represented by hybrid models. 8, [22] [23] [24] [25] [26] [27] These methods are based on separating the electron ensemble into different, independently behaving groups, which cannot be described within the fluid model, which deals with variables averaged over the whole ensemble. Basically, two main groups of electrons are identified.
The first group is formed by high energetic (fast) electrons, which emerge as secondary electrons at the cathode surface or are created in the ionization processes in the cathode-fall region. Accelerating in the high field of the cathode fall, fast electrons are injected into the PNG, where the field is weak, with an initial energy far exceeding the ionization energy. Therefore, these electrons are able to contribute to the ionization irrespective of the local field strength E(x), and travel a large distance before the electron distribution function relaxes to the state corresponding to the local field. In its path, these electrons can produce many nonlocal ionizations, exceeding local ionization by several orders in magnitude. Second group consists of low energetic (slow) bulk electrons, which mainly locate in the quasineutral region of the discharge.
Within this approach, slow electrons are responsible mainly for the transport of electron current and provide the balance of plasma density and temperature (mean energy) over the electron ensemble, so they can be described in the framework of the fluid model (simple or extended). Concerning the fast electrons, these are treated as contributing to the ionization processes only and their dynamics are usually described by the Monte Carlo method. As mentioned above, this approach is mathematically complicated, and its accuracy is severely limited by poorly known collision crosssections. At the same time, what is really needed to be known for the discharge description, is such an integral characteristic of the fast electrons as a spatial distribution of the ionization sources S(x), which is then substituted into the balance equations of the ions and plasma electrons. However, in order to find the ionization sources, there is no need to engage in labor-intensive calculations of EDF of fast electrons, accuracy of which is unknown a priori. This characteristic can be approximated analytically and tabulated on the basis of the measured Townsend ionization coefficient or alternatively obtained from the separate MC simulations, and then integrated into the fluid model. 4, 28 In the context of this approach, in this work, we incorporated effect of fast electrons into the "simple" and "extended" fluid models of glow discharge. Nonlocal ionization source has been formulated in the way first suggested as early as in Ref. 29 , and then used in Refs. 4, 16, and 28. We carried out test calculations for the discharge in argon gas, which results were compared with the data obtained from measurements as well as from the "extended fluid" model and hybrid (particle) simulations. Calculations performed showed that the proposed model, which can be called as a simple hybrid model, allows to overcome the shortcomings of the "extended fluid" models, since it takes properly into account the nonlocal ionization in the negative glow. At the same time, it is computationally much more efficient compared to the models involving Monte Carlo simulations.
The paper is organized as follows. Section II introduces the equations of the model and details of calculation of the particle transport and the source terms in the continuity and energy balance equations. To makes things easier, we first described briefly transport and kinetic parameters of plasma as generally used in the "simple" and "extended" fluid models (Secs. II A and II B), after that we introduced the 093503-2 Rafatov, Bogdanov, and Kudryavtsev Phys. Plasmas 19, 093503 (2012) modifications made. Calculation results as well as their comparison with the measured and computed data are discussed in Sec. III. Finally, Sec. IV contains the conclusions.
II. MODEL
In this section, we describe models for a glow discharge, used in this work. Equations of the models and boundary conditions are given. Treatment of transport in the plasma and account of particle creation and destruction in volume processes are presented.
A. "Simple" fluid model "Simple" fluid model for the gas-discharge includes continuity equations for the charged and excited particles,
which are completed by the Poisson's equation for the electrostatic field,
In these equations, subscript k indicates the kth species (we will also use subscripts i, e, m, and g for the ions, electrons, metastable atoms, and background gas, respectively), n stands for the number density, S denotes the particle creation rate, E and / are the electric field and potential, q is the charge, and 0 is the dielectric constant. C denotes the particle flux, which, with parameters l and D denoting the mobility and diffusion coefficients, is given in the drift-diffusion approximation,
Within this model, particle creation rate is determined as function of reduced electric field E/p (LFA), which, in general, is an unacceptable approximation (see the discussion in Sec. I). In order to remedy the drawbacks associated with the LFA and include, to a certain extent, the nonlocal transport of electrons, "extended" fluid model has been suggested in Ref. 5 , which different versions have been applied in Refs. 6-14. Description of this model is given in Sec II B.
B. "Extended" fluid model
Within the "extended fluid" model for a glow discharge, the electron transport coefficients (diffusion, D e , and mobility, l e ) as well as the rates S of the electron-induced plasmachemical reactions are calculated as functions of the mean electron energy, e, rather than the magnitude of the reduced electric field, through the electron energy equation
which is added to the system (1)- (3), and "look-up tables" (LUTs), obtained from the solution of the local electron Boltzmann equation (see, e.g., Ref. 9). Here, n e ¼ n e e denotes the electron energy density, e ¼ 3=2k B T e is the mean electron energy, and density of the electron energy flux is
where energy transport coefficients are related to particle transport coefficients via l e ¼ ð5=3Þl e and D e ¼ ð5=3ÞD e (Ref. 9) . Source function for the electron energy equation has a form S e ¼ P heat þ P elastic þ P inelastic , where the first term describes the Joule heating (or cooling) of electrons in the electric field, P heat ¼ ÀeC e Á E, the second term expresses the elastic losses,
and the last term is the energy loss in inelastic collisions,
In these equations, ea denotes the electron-atomic elastic collision frequency, m is the particle mass, d ¼ 2m e =m g , background gas temperature T g ¼ 300 K; DE j and R j are the energy loss (or gain) due to inelastic collision and corresponding reaction rate.
Mobility and diffusion coefficients of heavy particles are approximated by constant parameters, which depends on background gas density, and related by the expression 
where e ¼ mv 2 =2e is the electron kinetic energy (in eV units), v is the electron velocity, D r ¼ 2e=3m e ea is the space diffusion coefficient, and f 0 ðeÞ is the EEDF obtained from the solution of the local Boltzmann equation.
We used the version of "extended fluid model" applied in Ref. 14, where the calculations were performed for an argon gas, and three plasma species, namely, electrons, positive ions, and metastable atoms were taken into account. The set of reactions is given in Table I , and collision crosssections are shown in Fig. 1 .
Balance of charged particles, in the absence of recombination, is determined by the direct, stepwise, and Penning ionization processes,
Here, K denotes the constant of the corresponding reaction, n 0 is the concentration of neutral atoms. Reaction constants are numbered according to the list of processes in Table I . Balance of excited atoms is determined by the reactions of excitation, de-excitation, stepwise ionization, Penning ionization and radiation,
093503-3 Rafatov, Bogdanov, and Kudryavtsev Phys. Plasmas 19, 093503 (2012) where K 0 3 is the rate constant of superelastic electron collisions, which correspond to the left-directed arrow for the process 3 in Table I . Cross-section corresponding to this process is determined by the detailed balance relationship.
For the electron-induced reactions (processes 1-5 in the Table I ), rate constants K are calculated by convolving the EEDF, obtained from the solution of the local Boltzmann kinetic equation, with the corresponding cross-sections,
C. Models with a nonlocal ionization source
As we mentioned in Sec. I, the fast electrons contribution in the hybrid models of glow discharge is limited only to developing the spatial distribution of the ionization (and excitation) rate. Therefore, their effect can be approximated by the analytical formulation of the ionization (and excitation) source function S fast , and then integrating it into the fluid model. 4, 28 In the context of this approach, we formulated the nonlocal ionization source in the way suggested in Refs. 4, 16, and 28. The discharge gap is divided into two regions, namely, the cathode sheath region where the electric field is strong, and the plasma region, where the field is weak. These regions are separated by a point x ¼ d, the sheath boundary, which is determined as a distance x from the cathode such that the equality n e ðxÞ ¼ 0:5 n i ðxÞ holds. (Due to sharp increase in the electron density in the vicinity of this point and quasineutrality in the plasma, replacing the factor 0.5 in this equation with a number from the range between 0.4 and 0.9 has little effect on the value of d.) Since the ionization source term S fast ðxÞ decays exponentially with distance from the sheath boundary, it can be approximated as 4, 28 S fast ðxÞ / e ÀðxÀdÞ=k ðx ! dÞ with a decay constant k. Taking into account that the maximum value of the ionization source is
where C e ð0Þ is the electron flux density at the cathode and a is the Townsend ionization coefficient, function S takes the form 
In Ref. 4 , authors used the conventional approximation for the Townsend ionization coefficient of the form a ¼ A p expðÀB p=EÞ, with the effective field E calculated as average field over the cathode sheath, E ¼ uðdÞ=d. In this work, we approximated a by a more accurate estimation from Ref. 30 .
As a decay constant k, we used an estimation proposed in Ref. 4 ,
which makes it possible to approximate the decay scale k in Eq. (9), given thickness d of the cathode sheath and voltage /ðdÞ. In this expression, parameter B is from the formula for the Townsend ionization coefficient a and is equal to 180 V=ðcm Á TorrÞ for an argon gas. 1 We incorporated ionization function S fast defined by Eq. (9) into (1) "simple" fluid model of glow discharge (Sec. II A), where the plasma is composed of two species only, namely, the positive ions and electrons, and the ionization source function is
(2) "extended" fluid model of glow discharge (Sec. II B), where we have added S fast term in the right hand of (1) elastic, (2) direct ionization, (3) excitation, (4) excitation, and (5) stepwise ionization collisions in argon, used in the model. Curve labels correspond to indices of corresponding processes in Table I .
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In the model 1, slow electron mobility and diffusion, l e and D e , have been taken to be constants corresponding to those of the model 2 corresponding to the temperature T e ¼ 1 eV.
In the near-cathode plasma of NG and FDS, the electric field is weak (and even may change a sign), so that the Joule heating in this region is also weak. Heating of the plasma (bulk) electrons is carried out by the Coulomb collisions with fast electrons. The corresponding term in the equation of electron energy balance can be estimated (see Refs. 31 and 32 for details) by
where df ¼ 1=s df ¼ K 2 =D ef ; K is the characteristic diffusive scale (R/2.4 for a cylinder), D ef is the free diffusion coefficient of electrons. It is assumed that the electrons coming down from the inelastic region of EDF, uniformly fill in an energy range from 0 to e Ã (e Ã denotes the threshold energy for inelastic collisions) so that their average energy is 1=2 e Ã , which, as a result of inter-electron collisions with slow (Maxwellian) electrons, is transferred to the latter with the weight determined by the fraction in the equation for P fast . Thus, D ef ; ea , and ee are calculated for this value of energy (or temperature) of electrons. 31, 32 
D. Boundary conditions
Boundary condition for the positive ions, metastable atoms, and electron energy density at the anode and cathode is given as follows, 5, 33 
n Á C e ¼ 1=3v e n e :
Here, v j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 8k B T j =pm j p (j ¼ e, i, m) denotes the thermal velocity, the flux density C is described by Eqs. (3) and (4),n is the normal unit vector pointing towards the surface, and a is a switching function (either 0 or 1) depending on positive ion drift direction at the surface: a ¼ 1 if ðn Á EÞ > 0, and a ¼ 0 otherwise.
Boundary conditions for the electron density at the anode aren Á C e ¼ 1=4v e n e ;
and at the cathodê
where c is the secondary electron emission coefficient.
For the electric potential, we set / ¼ U d at the anode and / ¼ 0 at the cathode.
III. MODELLING RESULTS
In order to demonstrate the performance of the model, first we carried out test simulations for the discharge conditions from Ref. 8 . Figures 2 and 3 , proposed model provides much better performance compared to the "extended fluid" model. Magnitudes and shapes of the charged particle densities (panels (a)) as well as the electric field (panels (b)) are closed to those obtained from the hybrid model. Also, the electron temperature is not overestimated as in the case of the "extended fluid" model (panels (d)). Recall the fact that the strong overestimation of T e (and correspondingly the underestimation of n e ) is one of the main disadvantages of the fluid model, and attempts to improve it by taking into account non-Maxwellian EDF could lead to even worse results. 12 This is associated with the specific features of fluid description (more precise, the "extended" fluid description), in which the kinetic characteristics, specifically, the ionization rates are determined by the temperature (mean energy) of the electron ensemble. Within such a model, the electron gas in the plasma is heated by the heat flux C e from the cathode layer due to heat conduction rather than by a small group of fast electrons escaping from the layer. In a real situation, plasma electrons are heated by collisions with fast electrons, relative density of which is extremely low. Other sources of electron heating (such as Penning ionization, dissociative ionization in collisions of two excited particles, and deexcitation by electron impact) here are also ineffective. Therefore, temperature of plasma electrons is uniformly distributed and low (not higher than several fractions of an electronvolt 34 ). As can be seen from Fig. 2 , models with nonlocal ionization source, derived from the "simple" and "extended" fluid models of Secs. II A and II B, practically coincide under the studied (short) discharge conditions, because the nonlocal ionization term dominates over other ionization processes involved, namely stepwise and Penning ionizations. 
093503-6
Rafatov, Bogdanov, and Kudryavtsev Phys. Plasmas 19, 093503 (2012) As always in models for the glow discharge, secondary emission coefficient c is one of the main sources of uncertainty. 22 In order to demonstrate the effect of this parameter, Fig. 2 contains also numerical result obtained using the parameter c approximated by 
where the reduced electric field is evaluated at the cathode, and given in units of kTd (1 kTd ¼ 10 À20 V cm 2 ). For the second reference conditions set, c determined by Eq. (16) appears to be very close to c ¼ 0:033 such that the numerical results obtained with these parameters practically coincide, and consequently, in Fig. 3 we presented results for c ¼ 0:033 only. Fig. 5 , present model more adequately predicts the charged particle densities than fluid models. It should be also noticed that version of the "extended fluid" model applied in this work demonstrates better performance than those from Ref. 8 , which can be explained by more accurate plasma-chemical model (which in fact is identical to that in Refs. 6, 14, and 16, see Table I containing the set of elementary reactions) used in this work, while in Ref. 8 only electron impact ionization of ground state atoms was considered as an ionization process.
IV. CONCLUSIONS
We proposed a simple hybrid model for a glow discharge, which incorporates nonlocal ionization by fast electrons into the fluid framework, and thereby overcomes the fundamental shortcomings of the fluid model. At the same time, proposed model is computationally much more efficient compared to the models involving Monte Carlo simulations.
Calculations have been performed for an argon gas. Comparison with the experimental data as well as hybrid (particle) and fluid modelling results exhibits good applicability of the proposed model. 
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